Granular materials are of considerably significant in many industrial and natural processes, yet their complex behaviours, ranging from mechanical properties of static packing to their dynamics, rheology and instabilities, are still inadequately understood. In this report, we focus on the dynamics of compaction and the 'jamming' phenomena, outlining recent statistical mechanics approaches to describe it and their association.
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Introduction
Granular materials are one of the most employed material in industry .Ubiquitous in nature, granular matter can be observed in applications extending from pharmaceutical, food, powders, mechanosynthesis and semiconductor industries to geological granular flows, such as debris or pyroclastic flows and rock avalanches.
Granular materials, such as powders or sand, consist of distinct particles of size larger than 100 µm often interacting with each other only through dissipative contact forces. Without an external driving force their kinetic energy is rapidly lost and they are thus referred to as nonthermal systems. Despite this misleading simplicity, granular media demonstrate much complex behaviour, such as size segregation, arch formation, convection rolls, pattern formation and dynamical instabilities [1] [2] [3] [4] [5] [6] . Thus, although individual grains are solid, it is incorrect to categorize their collective properties as wholly solid-like or liquid-like. Currently, no rheological laws exist for such materials and their industrial handlings are based mainly on empirical observations. This report focuses a simple, yet fundamental, phenomenon in the physics of granular materials: granular compaction, that is, the fact that under mechanical perturbation the packing of grains in a vessel gradually gets more and more compact. Compaction is linked to either practical and basic scientific problems, such as efficient packing or the analysis of fundamental theories to describe and calculate general properties of granular packing and their dynamics. We shall only consider 'soft' compaction, that is, compaction without sintering or crushing of the particles.
In the subsequent sections we briefly discuss theoretical models of compaction and Edwards' extension of statistical mechanics to granular media 7, 8 . In this framework, we examine current theories about the glassy phase of granular media and their connections to thermal glass formers.
Edwards' Statistical Mechanics of Granular Media
Despite the fact that granular media may display a crystalline structure, in most cases they are found motionless in disordered configurations, and when gently shaken, they exhibit a strong form of 'jamming' [9] [10] [11] [12] [13] (that is, exceedingly slow dynamics), deeply related to the 'freezing' phenomena noted in thermal systems such as glass formers [14] [15] [16] . These observations have prompted the idea of a unified description of 'jamming' for these different systems 15, 17 , whose precise nature is an essential topic that is still open to debate 6 .
Before we face the subject of jamming, however, it is necessary to address another fundamental conceptual problem -the absence of an established theoretical framework to describe granular matter. Edwards 7, 8, 18 hypothesized a statistical mechanics explanation to such a problem for a compact granular systems by introducing the theory that time averages of a system, investigating its mechanically stable states put through some external driving force, corroborate with suitable ensemble averages over its 'jammed states'.
In the statistical mechanics of powders presented by Edwards 7, 8, 18 it is proposed that a system at rest (that is, not in the 'fluidized' regime) can be described by suitable ensemble averages over its blocked ('jammed') states (can be connected to 'inherent structures' of glass formers 25, 32, 40 ). The probability, P r , to find the system in its blocked state r, can be found under the assumption that these mechanically stable states have the same a priori probability. The knowledge of P r has the theoretical advantage to replace time with ensemble averages, as in thermodynamics.
P r can be obtained 7, 18, 25, 29, 32 as the maximum of the entropy, (1) where β conf is a multiplier, called inverse configurational temperature, putting into effect the energy constraint: β conf = ∂S conf / ∂E, where S conf = lnΩ(E) is the 'configurational' entropy and Ω(E) the number of blocked states with energy E. Thus, in short, the system at rest has T conf = 1 − conf β ≠ 0, but no kinetic energy (that is, T bath = 0).
Consider, a system of monodisperse hard spheres of mass m at rest in these blocked configurations. In Edwards' approach, by use of equation (1), we can write a generalized partition function in the canonical ensemble as 29, 40 : (2) where Ω TOT is the system's whole configuration space, H HC the interaction between grains preventing overlaps (that is the hard core term in the Hamiltonian), mgH is gravity's contribution (H is particle height) and the factor Π r is a projector on the space of 'blocked' states Ω: if r∈Ω then Π r = 1 else Π r = 0.
Lastly, it is imperative to emphasize that, in general, more than one thermodynamic parameter is needed to characterize the system 33 . Actually, a current subject of debate 6 is the assessment of the range of validity of the above propositions, as well as the quantity of 'thermodynamic' parameters required in various cases and their theoretical a priori elucidation.
Effective Temperatures from Fluctuation-Dissipation Relations
Models of grain assemblies expose to a driving force (tap or shear) were used to test
Edward's statistical mechanics approach 22, [23] [24] [25] [26] [28] [29] [30] [31] [32] [33] [34] . In recent advances in glassy theory 35 , a concept of 'effective dynamical temperature' can be presented 36 , derived from the out-ofequilibrium extension of the fluctuation-dissipation theorem 37 .
In statistical mechanics, at equilibrium, it is well known that the fluctuation-dissipation theorem holds, connecting, for instance, the system's average energy, E, to its fluctuations, ∆E 2 ,
by the bath temperature. It is easy to verify that in Edwards' approach to granular media, comparable relations are found where the bath is replaced by the 'configurational' temperature:
Conveniently, the integration of such an equilibrium fluctuation-dissipation relationship may give the value of β conf from energy (or density) data measured at immobility 25, 32 :
In thermal systems approaching equilibrium, also dynamical fluctuation-dissipation relations (involving time-dependent quantities) are relevant, which are, generally, no longer applicable far-from-equilibrium. In the aging dynamics of mean-field glassy models generalized out-of-equilibrium fluctuation-dissipation relations were realized 36, 37 where the job of the bath temperature, T bath , is analogous to a 'dynamical temperature', T dyn , equal for all slow modes. This development was later expanded to aging granular media 16, 28, 30, 34, 38 . For example, generalized
Einstein diffusion relations are found between two far-apart times t and t w (t >> t w ) 34, 38 : where r(t) is the position of a particle at time t and f a constant small perturbing field coupled to it. Note in systems aging in contact with an infinitesimal bath temperature, T conf and T dyn coincide 16, 34, 38 (as T dyn ≠ T bath ). In this manner, out-of-equilibrium fluctuation-dissipation relations pave a way to determine Edwards' configurational temperature in aging systems.
In granular media the 'glassy' region can be entered in the limit of very small 'shaking'
amplitudes, that is to say, by permitting the system to age while in contact with an almost zero bath temperature, T bath . Thus, an effective temperature, T dyn, was determined in a model for granular media 28 . Particularly, within lattice gas 'glassy' systems, Barrat et al. 34, 38 illustrated that the counterpart of Edwards 'configurational temperature', T conf can be computed and, in the limit 
The Jammed States of the Tap Dynamics and Edwards' Averages
In a lattice model of tapped hard spheres under gravity it was shown 25, 32, 33 by Monte Carlo simulations that Edwards' approach seems to maintain to a good approximation. In such a lattice gas model, grains are exposed to dynamics consisting of a progression of 'taps' 14 where a single 'tap' is of tap duration length τ 0 , and grains can diffuse laterally, upwards (with probability P up ) and downwards (with probability 1 -P up ). When the 'tap' is off, grains can only move downwards (P up = 0) and the system progresses until it attains a jammed configuration. The parameter P up has an effect analogous to maintaining the system in contact (for a time τ 0 ) with a bath temperature,
The model Monte Carlo dynamics is actually simplified (many significant material properties, such as friction or dissipation, are only superficially considered), but on the same grounds it is completely tractable.
During the tap dynamics, in the stationary regime, the time average of the energy, E , and its fluctuations,-∆E 2 , are calculated on the jammed states. Figure 1a . shows E and -∆E 2 (inset)
as a function of the tap amplitude, T Γ , in the model for several values of the tap duration, τ 0 . Figure   1b) . 25, 32, 33 To check Edwards' hypothesis, time averages recorded during the taps sequences, E (β fd ), have to be compared with ensemble averages, <E>(β conf ), over Edwards' distribution equation (1). Figure 1b . illustrates that the function <∆E 2 > (<E>), from the ensemble averages, breakdown to the same master function of the time averaged data,
This means that, for the present model, Edwards' statistical mechanics holds to the existing numerical precision and T fd = T conf .
Note that no fluid-like convective movement of the grains 41 , which may influence the general behaviours in real systems, are present in such a simple model.
More over, the applicability of Edwards' approach to non-thermal systems is a currently a topic of debate 6 , where positive tests 22, 23, [28] [29] [30] 32, 34 come along with more complex situations 24, 26, 31, 33 .
A Mean-Field Description of Jamming
In Edwards' set-up, the nature of a system's properties and its 'glassy' region is better grasped by analytical computation of the partition function, equation (2) . This was done in a Bethe-Peierls approximation for a monodisperse hard-sphere three-dimensional lattice system and its phase diagram derived 42 , as shown in Figure 2a . in the plane (N s ; T conf ) (where N s is the number of grains per unit surface, that is, the number of grains for one layer and T conf the 'configurational temperature'). A phase transition is found from a fluid-like to a crystal phase at T m . When crystallization is averted, at a lower point, T D , in the 'supercooled' fluid also a purely dynamical transition is present at a mean-field level, which is thought to correspond to a dynamical crossover in a real system 43, 44 . Lastly, at an even lower point, T K , the supercooled fluid has an actual thermodynamic discontinuous phase transition to glassy phase. There are currently discussions whether T K is non-zero in real systems 6 . The analytically determined number density, Φ, plotted as a function of T conf (in a system with a given N s ) curve in Figure   2b ., shape is very comparable to the one observed in tap experiments 10, 11, 12 , or in Monte Carlo simulations 15, 25 .
The nature of this mean-field glass transition, attained from Edwards' theory, is the same found in the glass transition of the p-spin glass and in other mean-field models for glass a. b. 
Conclusion/Recommendations
This report reviewed recent important results on granular compaction, but yet the theoretical foundation and experimental analysis of statistical mechanics approaches remain an open issue. In practice, the general validity of Edwards' development has just begun to be measured and there are still many reservations [23] [24] [25] [26] [28] [29] [30] [31] [32] [33] . In some very simple models, it turns out to be as a minimum a decent approximation, able to give a first reference basis to understand the physics of granular media and their deep connections with thermal systems such as fluids and glass formers. In this respect, the understanding of fluid-like motion 42 , pattern formation 5 , mixing/segregation transitions 3,4 , will be of crucial importance. A more in-depth examination of these theories and their consequences, the experimental determination of the described phase diagram of granular media 16 , the vital role of fluid-like effects, are among pertinent open research pathways in this field.
